The measured voltage signals picked up by the needle probe method can be interpreted by a numerical method so as to identify the magnetic material properties of the magnetic circuit of an electromagnetic device. However, when solving this electromagnetic inverse problem, the uncertainties in the numerical method give rise to recovery errors since the calculated needle signals in the forward problem are sensitive to these uncertainties. This paper proposes a stochastic Cramér-Rao bound method for determining the optimal sensor placement in the experimental setup. The numerical method is computationally time efficient where the geometrical parameters need to be provided. We apply the method for the non-destructive magnetic material characterization of an EI inductor where we ascertain the optimal experiment design. This design corresponds to the highest possible resolution that can be obtained when solving the inverse problem. Moreover, the presented results are validated by comparison with the exact material characteristics. The results show that the proposed methodology is independent of the values of the material parameter so that it can be applied before solving the inverse problem, i.e. as a priori estimation stage.
Introduction
Nonlinear magnetic materials are present in many electromagnetic devices (EMDs) and are widely used in electrical power applications, such as rotating electrical machines. In order to precisely analyze such applications, the magnetic material characteristic of the EMD has to be known. Classically, the magnetic material characteristic of an EMD is determined by means of an Epstein frame, single sheet tester or ring core measurements on a separate sheet of the same material as the EMD [1] . However, this requires extra samples of the electrical steel sheet, which are mostly not available. Moreover, the characteristic can be altered during the construction of the EMD. Therefore, it is convenient to characterize the magnetic properties on the specific geometry of the EMD itself. Local magnetic measurements, which have gained a lot of interest during the last decade, are important tools for this purpose [2] [3] [4] [5] [6] [7] . However, non-uniform electromagnetic field patterns make it much more difficult to determine the magnetic material characteristics since the measured needle signals have to be interpreted correctly, see e.g. [4] .
Therefore, a coupled experimental-numerical inverse approach has been recently formulated in order to characterize the magnetic material of an electromagnetic device [8, 9] . This inverse approach is needed in the case when no local magnetic induction B and magnetic field strength H measurements can be carried out simultaneously at the same place. In particular, this is also the case if the local magnetic field measurements are not accurate because of the placement of the H-sensor in a high-stray field so that only local magnetic induction measurements can be used [10] . The input of this inverse approach is the set of magnetic measurements, while the output is the magnetic material characteristic. It has been observed after solving the inverse problem that the accuracy of the recovered material characteristics appreciably depends on the input nature of the inverse problem, namely the 'local magnetic measurements' [9] . However, it is desirable to define and estimate this accuracy a priori before solving the inverse problem.
Generally, the inverse problem is an ill-posed problem, i.e. a small deviation in the input data (measured quantities) leads to a considerable deviation in the output data (recovered material parameters). Consequently, the input of the inverse problem, i.e. 'local magnetic measurements' and the numerical model have to be perfectly accurate. However, neither magnetic measurements nor numerical models are strictly accurate: measurements are distorted by measurement noise, and responses in the numerical model exhibit variations due to uncertainties in some parameters used in these model calculations.
The research presented in this paper aims at determining a priori the optimal design of the experimental setup configuration (the optimal sensor placement) when characterizing the magnetic material in an EMD. This numerical method is based on uncertainty analysis in the inverse approach. In particular, the aim of this paper is to analyze a priori the optimal choice of inputs for the inverse problem for the magnetic material identification of an EMD. This is applied to the following test case: identification of the magnetic material characteristic in an EI core inductor with the highest possible resolution using local magnetic measurements. This aim is achieved by defining a mathematical technique based on the stochastic Cramér-Rao bound (sCRB). The sCRB offers the lower bound of the error within a rather small computational time compared to the well-known time-demanding techniques such as Monte Carlo simulations applied in e.g. [11] , stochastic finite-element (FE) method [12] and polynomial chaos decomposition [13] .
Furthermore, the proposed method is validated 'experimentally' by solving an inverse problem starting from real experimental data on an EI core inductor.
The methodology is presented in section 2. A very simple illustrative example is presented in section 3. In section 4, the proposed methodology is applied to an EI core inductor in order to determine the optimal needle placement so as to identify the magnetic material of the EI core inductor. Specifically, the experimental setup is presented in section 4.5. The theoretical results based on the proposed methodology are presented and discussed in section 4.6. The proposed methodology is validated experimentally in section 4.7. Finally, the conclusions are drawn in section 5.
Methodology
Following [14, 15] , the behavior of a magnetic system can be represented by a mathematical model with a set of partial differential equations. This model is parameterized by the following model parameters: the unknown parameters u ∈ R p×1 and the known parameters b ∈ R q×1 . The values of the parameters b are assumed precisely known; however, the knowledge of their values is usually uncertain. As an example when dealing with an EMD, b can be the air gap thickness values, the number of excitation windings, etc.
In order to estimate the unknown parameters u, an inverse problem has to be solved by iteratively minimizing the sum of the quadratic residuals between the experimental observations of the magnetic system W ∈ R K×1 and the modeled ones ∈ R K×1 , with K being the total number of discrete experimental observations. In other words, the functional (u) needs to be minimized with given as
The resolution of the inverse procedure highly depends on both measurements and modeling accuracy. can depend on the definition of the inverse problem, i.e. the place where the measurements are conducted. This is due to measurement noise and available uncertainties in the forward model.
In the following sections, we explain the possible sources of errors (section 2.1) and then we discuss the proposed stochastic methodologies (sections 2.2 and 2.3).
Sources of errors
The actual measurements W can be expressed as
with e the uncertainty vector. A possible difference between the simulated signals (u * ) with the actual model parameters u * and the measured signals W can be for the following two reasons:
with e n uncertainty due to measurement noise and e m due to modeling uncertainties. Due to these uncertainties, when minimizing the cost function (1) , the values of the recovered parameters u and u * are not necessarily equal, i.e. u = u * .
Traditional Cramér-Rao bound method
In the traditional CRB method, it is assumed that the modeling is accurate and that the identification procedure is only affected by the uncertainties in the measurements [16] . Several types of measurement uncertainties can be considered, in particular systematic and random uncertainty. A systematic measurement uncertainty can be defined as a reproducible error that biases the measured value in a given direction [17] , i.e. a systematic overestimation or underestimation of the true value. A systematic measurement uncertainty is by definition reproducible. Therefore, it cannot be reduced by averaging the values of a large number of measurements. However, the reproducible nature of the systematic measurement uncertainty makes it possible to estimate the bias on the measured value by means of a calibration procedure [18] . The results presented in this paper restrict to cases where the measurement uncertainties contain only the random component 'noise'. When carrying out magnetic measurements, noise can be caused by the vibrations of steel sheets, noise originating from excitation current, noise due to the stray field, air flux noise, environmental noise, etc [7] . We assume here that the measurement noise n is uncorrelated and Gaussian white distributed with zero mean and variance of σ 2 n . We propose the use of the CRB method for quantifying the possible uncertainties in the identified unknown parameters u. CRB is widely used in many engineering applications: heat transfer applications [14] , biomedical engineering applications [19] and signal analysis applications [16] .
Here, in the traditional CRB method, as mentioned above, it is assumed that the modeling is accurate, i.e. e m = 0. Hence, the forward problem for a certain magnetic system can be represented as W = (u) + e n (4) The parameter vector of this model is given by
Denoting an unbiased estimate of these parameters by , the Cramér-Rao inequality theorem states that the covariance matrix of the difference between the true and the estimated parameters is bounded from below by the inverse of the Fisher information matrix F [20, 21] :
E{·} is the expected value and F can be calculated by
with ln L(W| ) the log-likelihood with respect to data W. F is a matrix with p × p dimensions. The likelihood of the data is normally distributed and is given by L(W 1 , . . . , W k ): (8) so that the log-likelihood function becomes
When we calculate the derivative to , and since we are only interested in the Fisher information matrix associated with u, we have
Using the above equation, the Fisher information matrix (7) can be written as
If the variance of the measurements σ 2 n is the same for all experimental observations K,
See also [22] . Using the inequality of CRB (6), the lower bound for the p variances of the unknown parameters σ 2 u,F is given by [16] 
F −1 expresses the lower bound for the covariance matrix of the unknown parameters where the variances of each unknown parameter can be deduced as the diagonal elements of F −1 .
Stochastic Cramér-Rao bound method
Besides the recovery errors due to measurement uncertainties elaborated in section 2.2, errors are also introduced by the modeling uncertainty. Specifically, the accuracy of the modeled response depends upon the numerical algorithm and the degree of approximation used, e.g. finite difference or finite element, coarse or fine discretization, etc. These errors can be mitigated by using very fine discretizations, inclusion of more accurate material models, etc. In addition to these errors, the modeled response also exhibits variations which are due to the uncertainties in the known parameters b used in these model calculations. We assume in this paper that the numerical forward model algorithm is exact by using a three-dimensional (3D) FE model with very fine mesh density and inclusion of nonlinear material modeling so that the estimated values of the parameters are only influenced by the uncertain model parameters.
The traditional CRB method can be extended when dealing with stochastic uncertain known model parameters b, see [14, 15] with estimator ψ = σ . In order to determine the Fisher information matrix that corresponds to noise in measurements and uncertainties in model parameters, the following principle is used. Information is additive: the information from two independent experiments (Fisher information matrix F from noise and Fisher information matrix D from model parameter uncertainty) is
Since uncertainties in model parameters and noise in experiments are independent, the above formula can be used. Using the mathematical expressions in section 2.2 and (13), the extended Fisher information matrix M can then be approximated by [15] 
A comparison of equations (11) and (14) suggests that V k can be considered as the equivalent noise [23] :
where G is the variance of the uncertain known parameters
, k is the sensitivity matrix of the modeled system response k with respect to the uncertain known parameter b:
In the paper, we use the numerical differentiation by performing the five-point finite difference technique in order to calculate k . So, the lower bound for the p variances of the unknown parameter σ 2 u,M is [19] σ
In other words, M −1 expresses the lower bound for the covariance matrix of the unknown parameters where the variances of each unknown parameter can be deduced as the diagonal elements of M −1 . Note that for simplicity, we elaborated the theory for scalar k , S k and G in equations (11) and (14) . This can be easily rewritten for vectors, see [15] . Moreover, instead of Gaussian prior for b, it is also possible to use Gamma prior. Then G needs to be changed, see [19] .
The advantage of using the extended Fisher information matrix M in place of the normal Fisher information matrix F will be demonstrated for the simple illustrative example in section 3.
A simple illustrative example
The aim of this example is to illustrate on a simple magnetic circuit the use of the Fisher information matrix F and the extended one M for determining the magnetic material parameters' reconstruction uncertainties. This example is chosen to be simple so that the results can be more easily reproduced. We consider a magnetic circuit that consists of a homogeneous magnetic 'linear' material, as shown in figure 1 . The relative magnetic permeability μ r of the material is not known and needs to be identified using local magnetic field measurements at three different locations. In practice, magnetic field measurements can be carried out through the use of Hall sensors, fluxgate sensors, etc [10] .
An inverse problem has to be solved in order to identify μ r by minimizing the quadratic difference between the measured magnetic quantity W and the predicted one . In this simple example, we consider the magnetic field strength as the magnetic quantity. Calculations are carried out using an analytical model where each limb of the magnetic circuit is modeled as a magnetic reluctance.
We simulate the measurements by using the output of the analytical forward model with μ * r = 2500. In this way we are able to carry out numerical experiments. These measurements are corrupted by Gaussian noise with zero mean and standard deviation σ n given by
where δ n is the noise level in the measurement. W rms is the root mean square of the measured quantity normally distributed random number with zero mean and a standard deviation of unity. We consider three possible positions (P1-P3) that are available for performing the magnetic field measurements, as shown in figure 1 . Also, the dimension of the magnetic circuit is 'precisely' known except for the thickness value of the air gap g; it is assumed to be distributed around the mean value g = 0.25 mm, with a standard deviation of σ g . This geometrical standard deviation (σ g ) can be expressed similar to the measurement noise as (σ g = δ g g), where δ g is the uncertainty level in the air gap thickness value.
Since one parameter needs to be estimated (p = 1): u = μ r , and only one parameter is uncertain (q = 1): b = g, the covariances G k , S k and V k reduce to scalars with Figures 2 and 3 show the values of F and M as a function of sensor location, for δ n = 10% and δ g = 40%, respectively. Referring to sections 2.2 and 2.3, the inverse of F or M gives an indication for the value of the variance of the unknown magnetic permeability μ r , i.e. the uncertainty in the estimated magnetic permeability using the inverse process. From figures 2 and 3 we can deduce that the optimal sensor location depends on the implemented method. The optimal sensor position, based on the traditional CRB, is position P3; however, the optimal sensor position, based on the sCRB, is position P1.
These results can be explained as follows: although the magnetic field is most sensitive to the magnetic permeability at position P3 (and thus the high value of F there), the dependence of the magnetic field on g is, however, also the highest there. Therefore, position P3 is the least optimal position when solving the inverse problem due to the uncertain air gap value. Figure 3 also shows that the actual optimal sensor position is P1, which means that the information obtained at P1 is the least affected by g. Figure 4 shows the variation of the ratio V k /S k as a function of g. V k /S k can be considered as a direct measure of the sensitivity of the magnetic field to g. At the non-optimal location P3, the value of V k /S k varies appreciably for increasing air gap thickness values, i.e. V k /S k almost varies from 600 to 50 for ±0.1 mm variation in g. However, at the optimal location P1, this variation is less pronounced, i.e. V k /S k varies from 21.26 to 10.68 for ± 0.1 mm variation in g. This result means that M is less sensitive to the variation of g at P1 compared to P3. Therefore, the value of the uncertainty in the estimated unknown parameter μ r will be small at P1 compared to P3. Figure 5 shows the profile of the studied geometry. It is an EI core with one 'middle' air gap in the middle limb (g 1 ), and two 'outer' air gaps (g 2 ) between E and I yokes. The excitation coil is wound over the middle limb of the E-core with N 1 number of excitation winding turns. In this paper, we assume that the dimensions of the EI core inductor are precisely known, except for the values of the two air gap thicknesses g 1 and g 2 , which are uncertain with the mean values of 0.85 mm and 0.25 mm, respectively. The mean value of the g 1 thickness is taken from the manufacturer's data; however, the mean value of the g 2 thickness is the thickness of the plastic spacer inserted between the E and I yokes. The two yokes are fixed together by a mechanical clamp to prevent the movement of the I-yoke. Also, the number of excitation winding turns N 1 is uncertain with a mean value of 356.
An EI core inductor

Studied geometry
Magnetic material modeling
The single-valued nonlinear constitutive characteristic (normal magnetizing characteristic), to be reconstructed by the inverse Figure 5 . Studied EI core. At P 1 -P 5 , the local magnetic induction measurements are carried out using the needle probes, the distance between the two needles is 5 mm. g 1 and g 2 are the middle and the outer air gap thicknesses, respectively. Dimensions are in mm.
problem, of the magnetic material of the EI core inductor is a nonlinear relation between the magnetic induction B and the magnetic field strength H without introducing the hysteresis behavior (H, B 0). There are many formulas to approximate the magnetization curve analytically [24] ; one of them is a (non-full) power-series equation [8] .
In this formula, the single-valued nonlinear constitutive relation of the magnetic material of the EI core inductor is modeled by means of three parameters (
:
where H 0 , B 0 and ν are the three parameters to be reconstructed by the inverse problem. The relative magnetic permeability of the magnetic material μ r is expressed as
where μ 0 is the magnetic permeability of air. The first and second parameters (H 0 , B 0 ) determine the value of the initial relative magnetic permeability of the material μ rinitial :
At B = B 0 , the magnetic permeability of the material reaches half of its maximum value. However, the third parameter ν determines the slope of the variation of the relative magnetic permeability μ r with respect to the magnetic induction B, as shown in figure 6 . The higher the value of the third parameter ν, the steeper the B-H curve.
Also, it is worth mentioning that the values of the three parameters, for a ferromagnetic material, have approximately the upper and lower bounds indicated in table 1. The accurate values of the three parameters of a material are obtained by fitting the measured data (μ r versus B) with (20) . The value of the three parameters of the EI magnetic material is [H 0 , B 0 , ν] = [292, 1.35, 11 .99].
Notice that equation (19) does not describe the magnetic properties at low B-values (Rayleigh region).
Magnetic material identification based on the inverse problem approach
The problem of computing the model response of a physical system is called a forward problem. On the other hand, inverse problem theory concerns the problem of making inferences about a physical system starting from 'noisy' measurements [25] .
In electromagnetism, the accurate modeling of the electromagnetic phenomena is carried out by solving Maxwell's equations for certain given geometry, sources and material characteristics. These so-called forward models can be used for analyzing the behavior of the system or can be used for solving inverse problems. Solving numerically inverse problems has been a subject of research for many years and arises when dealing with more complex systems. Note that an inverse algorithm is using a certain number of forward model evaluations. The solution of the inverse problem is obtained by proposing an iterative scheme for the identification of the values of the variables (geometrical, sources or material characteristics) that need to be recovered.
Here, we define an inverse problem in order to identify the magnetic material parameters of the EI core inductor shown in figure 5 . The objective function , i.e. the quadratic difference between the measured and simulated quantities (see further equation (23)), that needs to be minimized:
is explained in the next section, where u is the 'recovered' material parameter vector.
Objective function formulation
In this work, we carried out the local magnetic measurements, by means of the needle probe method (NPM), at fixed limited positions P 1 , P 2 , . . . , P 5 on the EI core inductor, see figure 5 . Although it is possible to check the optimal position (more than 5) by scanning the surface of the object under test, we restrict ourselves to only five points for two reasons in particular. The first reason is that due to the symmetry, only half of the EI core is checked. The second reason is that the aim of this work mainly focuses on a priori optimal sensor positioning including the effect of measurement noise and inaccuracy in some model parameters, in particular, two air gaps and excitation winding. So, we have chosen only these five positions in order to study the effect of the position proximity on these three uncertain parameters. Therefore, we only considered a limited number of points. Also, it is worth mentioning that the magnetic induction measurements using the needle probes should be carried out where the magnetic fluxes are as uniform as possible [27] . From our experience, we know in advance that the local magnetic induction measurements at positions P x and P y , in the EI core (figure 5) are inaccurate due to the magnetic field non-uniformity at these positions, which can be considered as a systematic measurement uncertainty. However, we do not include this measurement uncertainty type in this work; we restrict ourselves only to the random nature of the measurement noise rather than the systematic one. Due to this fact, no magnetic measurements are carried out at positions P x and P y in the EI core. The measurements consist of local magnetic induction measurements through the use of the NPM (see the next section) at different sinusoidal excitation currents with
The objective function is defined as
with B m (i k ) being the measured peak magnetic induction value of the kth excitation current and B s (i k , u) the corresponding simulated local flux densities using a numerical model. The numerical model is a high-fidelity 3D FE model, see [9] . This objective function needs to be minimized iteratively using a minimization scheme. Here we use the traditional nonlinear least-squares minimization technique, see e.g. [8, 9] . Figure 7 illustrates the schematic diagram of the inverse problem procedure that is utilized in this paper. In the remainder of the paper, the notations and W , introduced in the theoretical part of section 2, are replaced by B s and B m , respectively, referring explicitly to the commonly used notation for magnetic induction, i.e.
Experimental setup
The quasi-static magnetic measurements are performed with a sinusoidal current excitation at 1 Hz so as to have a negligible presence of eddy-current effects in the magnetic core. The object under test is demagnetized between two successive measurements.
In figure 8 , the general concept of the complete magnetic measurement setup that is built around the magnetic circuit is shown schematically. A bipolar power amplifier supplies the current in the excitation coil to generate a magnetic field, which magnetizes the sample in the magnetic circuit [26] .
The resulting magnetic properties are measured with appropriate sensors and, if necessary, analog signal conditioning is performed on the measured signals. By using a data-acquisition card (DAQ) plugged into a personal computer (PC), an analog-to-digital conversion is performed on the measured signals making it possible to perform additional processing within a software program written in LABVIEW. This software program, which is developed in our laboratory 'EELAB', also takes into account the user-defined measurement parameters and conditions, and visualizes the measurement results. The DAQ, driven by the software program, controls the measurement process and generates the analog signals that serve as input for the linear power amplifier.
The local magnetic induction measurement B m is carried out by means of the NPM. Although the NPM is an efficient technique for measuring the magnetic induction, it encounters numerous errors, such as errors due to the vertical field component, and its sensitivity to noise interference [27] . So, due to the error introduced by the non-homogeneous air fields, a modified NPM was presented, based on an anti-series connection of two sets of two needles. The two extra needles are used to compensate for the air flux, see [10] .
A priori uncertainty estimation of an EI core inductor: theoretical results
The aim of this research is to present a mathematical technique that is able to determine the optimum placement for the needle probes which gives the most accurate results for the identification process. The optimum position follows the criterion that this position has the minimum estimated uncertainty when using the sCRB technique. This a priori uncertainty estimation has to be implemented before carrying out the real experimental measurements. This section makes a theoretical analysis for a priori uncertainty estimation of an EI core inductor. Therefore, numerical experiments are carried out in the sense that the 'numerical measurement' quantities (B m ) are 'modeled' as the output of the numerical FE direct model that has as input the following fictitious single-valued characteristics u * = [100, 1.1, 8] . The output is furthermore corrupted by Gaussian noise with zero mean and a standard deviation of σ n , assumed as σ n = 0.025. These 'numerical' local magnetic induction measurements are carried out at the five different positions P 1 -P 5 , as shown in figure 5 .
The 
Although it is possible to consider the variance of each parameter separately, we incorporate the estimated variance of each unknown parameter σ 2 u,M into the constitutive relation (19) in order to represent the actual estimated uncertainty in the recovered material characteristics. That is due to the nonlinearity of the magnetic material characteristics and due to the fact that the three parameters have different scales. So, it is not useful to show the uncertainty in the recovered material characteristics separately, i.e. 10% uncertainty in the recovered B 0 does not have the same effect as 10% uncertainty in the recovered H 0 or ν. Hence, the following formula is defined:
where EE is the percentage estimated uncertainty in the recovered material characteristics, and RMS BH is the root mean square of the BH curve is given by Figure 9 illustrates the general flow chart of the optimal needle placement for the magnetic material characterization of an EMD.
In the following sections, the effects of measurement noise and uncertainties b on the optimum needle probe placement are shown. Figure 10(a) shows the EE using the CRB method due to the measurement noise only (σ n = 0.025) at five different needle positions. EE is determined by (26) with σ u = σ u,F . Although the measurement noise is assumed the same for each needle position, it is clear that the EE has the smallest value at P 2 compared to rather high values at P 1 and P 3 .
Measurement noise only.
These results confirm that the measurements at positions near the air gap (P 1 , P 3 ), and near the excitation winding (P 4 , P 5 ) are more affected by the measurement noise due to the presence of stray field and/or fringing effects, compared to the positions rather far from the stray field source and/or excitation winding, i.e. P 2 . Mathematically, ∂ k /∂u m , k = 1, . . . , K, m = 1, . . . , 3, see also equation (11) , are the highest at P 2 (lowest at P 1 and P 3 ). In other words, the measurements are most sensitive to the parameter values that need to be reconstructed at P 2 . In practice, according to [10] , we expect that the measurement noise levels in the vicinity of the air gap and/or the excitation winding are higher than those away from the air gap and/or the excitation winding. Consequently, the same trend is expected for real magnetic measurements. This point is discussed later in section 4.7. Figure 10(b) shows the dependence of the EE on the σ n at P 1 (maximum CRB) and P 2 (minimum CRB). This figure shows that even a small amount of noise can introduce large reconstruction uncertainties. This result signifies that highly accurate measurements need to be carried out, which are as little corrupted by noise as possible. This is also the reason why, instead of the traditional NPM, an anti-series connection of two sets of two needles needs to be used so as to decrease the noise level in the measurement. Figure 11(a) shows the EE based on the extended sCRB due to the uncertainty in g 1 only (σ g 1 = 0.025). From the results shown in figure 11(a) , it is possible to divide the EE into three sets of uncertainty levels: high EE at P 1 , a slightly lower EE at (P 2 , P 3 ), and a considerably smaller EE at (P 4 , P 5 ). This result can be explained as follows: the nearest position to g 1 , i.e. P 1 , is highly influenced by the uncertainty in g 1 due to the presence of the fringing effects. This effect is slightly less at (P 2 , P 3 ) where the magnetic induction is less influenced by the uncertainty in g 1 ; here g 2 is assumed precisely known. At P 4 and P 5 , the stray field is less and hence the uncertainty in the recovered parameters is small. The EE due to the effect of both measurement noise and uncertainty in g 1 compared to the EE due to the measurement noise only are shown in figures 11(c) and (b), respectively. Consequently, figure 12 illustrates the recovered B-H characteristics based on the estimated maximum sCRB (at P 1 ) and the minimum sCRB (at P 5 ) compared to the original characteristic based on u fic , due to the uncertainty in g 1 only. Figure 13(a) shows the EE based on the extended sCRB due to the uncertainty in g 2 only (σ g 2 = 0.025). The results shown in figure 13 (a) can be explained similarly: the nearest positions to g 2 , i.e. P 1 to P 3 , are highly influenced by the uncertainty in g 2 due to the presence of the fringing effects. Again, at P 4 and P 5 , the stray field is less and hence the uncertainty in the recovered parameters is small.
Uncertainty in g 1 only.
Uncertainty in g 2 only.
The EE due to the effect of both measurement noise and uncertainty in g 2 compared to the EE due to the measurement noise only are shown in figures 13(c) and (b), respectively.
Consequently, figure 14 illustrates the recovered B-H characteristics based on the estimated maximum sCRB (at P 3 ) and the minimum sCRB (at P 5 ) compared to the original characteristic based on u * due to the uncertainty in g 2 only. Figure 15 shows the EE based on the sCRB due to the uncertainty in N 1 only (σ N 1 = 3 turns). Here, almost all positions exhibit the same EE; uncertainty in N 1 affects the total magnetomotive force (MMF) of the EI core inductor magnetic circuit, and hence, no appreciable difference between the needle positions is observed.
Uncertainty in N 1 only.
The EE due to the effect of both measurement noise and uncertainty in N 1 compared to the EE due to the measurement noise only are shown in figures 15(c) and (b), respectively.
Consequently, the actual B-H characteristics are almost recovered whatever the minimum or maximum sCRB used, as shown in figure 16 .
Comparison between different uncertainty sources of EE.
Generally, it can be observed from figures 12, 14 and 16 that the accuracy of the inverse problem strongly depends on the needle positions due to the uncertainty in model parameters only; the lower the stray field (P 5 ), the higher the accuracy of the inverse approach. On the other hand, the higher the stray field 'in the vicinity of the air gap (P 1 -P 3 )' the lower the inverse approach accuracy.
It is worth mentioning that the EE due to uncertainty in g 2 is higher than that due to uncertainty in g 1 , which means that g 2 is the most critical geometrical model parameter. The results shown in figure 17(a) show the effect of the uncertainty in different model parameter values (g 1 , g 2 ) on the EE at positions where maximum and minimum sCRB are obtained. In fact, the magnetic circuit of the studied EI core inductor contains two 'outer' air gaps g 2 and only one 'inner' air gap g 1 . This means that the uncertainty of the g 2 value is counted twice in the calculation, raising its importance over the g 1 value. The EE due to the uncertainty in N 1 is too small, which means that very high accuracy of counting the number of excitation windings, i.e. inaccuracy within 3 to 5 turns, is not essential. However, the EE strongly increases with increasing inaccuracy of the number of excitation windings, see figure 17 (b).
Due to the dependence of the EE on the value of the material parameters u * , we tested another 'reasonable' fictitious value u fic .
Similar trends are observed, see figure 18 .
Although the amplitude value of the EE depends on the material parameter values u, the optimum needle position is almost the same for the different material characteristics, which confirms the applicability of the proposed methodology as an a priori uncertainty estimation procedure.
Experimental validation of the stochastic proposed methodology
In order to validate 'experimentally' the obtained results using the sCRB, the inverse problem is solved starting from real local magnetic measurements using needle probes. As mentioned earlier, the inverse solution accuracy is influenced by measurement noise and uncertainty in the model parameters. It is shown in section 4.6.3 that the g 2 thickness value is the most critical model parameter. We therefore remove the plastic spacer between the E-and I-cores and keep g 2 = 0 by a mechanical clamp. The mean values for g 1 and N 1 are specified in (24) and used in the forward model.
We carried out the local magnetic induction measurements at the best and the worst positions, i.e. P 2 , and P 1 , where the minimum and maximum sCRBs are obtained, respectively; see figure 11 (c). The local magnetic induction measurements are performed by means of the NPM; see section 4.5. In order to ensure better measurement accuracy, the measurements are carried out, at each position, five times and then these results are averaged. We solve the inverse problem based only on the averaged values. Figure 19 shows the average local magnetic induction measurements at positions P 1 and P 2 with error bars to show the deviation between the five magnetic measurements. Figure 20 shows the recovered B-H curve at P 2 and P 1 compared to the actual characteristic that was measured on the fully wound magnetic ring core made from the same material as the EI core material. It is clear that the recovered characteristic based on measurements at P 2 is much close to the recovered characteristic based on measurements at P 1 . The EE at the two positions are shown in the same figure. These results validate the proposed methodology.
Conclusion
The optimal needle position for identifying the magnetic material properties of an EI core inductor, by solving an inverse problem starting from the local induction measurements, is presented. The presented methodology uses the sCRB method as the optimal criteria. Moreover, the effect of the measurement noise and uncertainties in three model parameters on the accuracy of the inverse approach is introduced. Furthermore, the proposed stochastic methodology is validated experimentally by solving the inverse problems at the a priori determined positions of the sCRB method, starting from real experimental data obtained by needle probes. From the results presented in this paper, it is obvious that the best prediction of the material characteristics inversely occurs where the measurements are carried out at positions with least stray field.
